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SUMMARY

The shallow water wave equation is derived in a general deforming co-ordinate system. A weak form is
developed which displays the natural boundary condition prominently and which may be implemented on
C° elements. A time-stepping algorithm is implemented with elastic mapping of interior node motion.
Lossless test cases show agreement with analytic solutions. A simple hypothetical test case shows intuitively
good behaviour at length scales approaching those required of estuarine simulations.
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INTRODUCTION

In this paper we develop solutions to the shallow water equations with moving boundaries for
problems approaching estuarine length scales. The basic deforming element approach follows
that introduced previously' and capitalizes on the geometric suitability of finite elements for
front-tracking simulations. The original paper presented a few example solutions to show the
promise of the method, at length scales appropriate to storm surge calculations. The relatively
small boundary excursions in these examples were resolvable by moving only the boundary
nodes, keeping interior nodes fixed.

Because of the difficulties inherent in numerical fluid mechanics, we have since pursued the
development of deforming element ideas in simpler diffusion situations, for three reasons:

(a) There are several physically important problems in heat transfer with phase change.

(b) The numerical point of departure—diffusion on a fixed mesh—is well understood, allowing
us to focus on the deforming element extension per se.

(c) Very large mesh deformations are required to solve problems of practical interest in this
area.

A series of investigations, culminating in the simulation of physically unstable interface shapes
during crystal growth, has shown that very large, complex mesh déformations may be accurately
accomodated.? ™3 These findings complement those of several others.® % As a result of these
lines of development, we are confident in our ability to construct accurate simulations on
deforming elements.

A parallel effort has been devoted to finite element solution of fixed boundary, shallow water
problems in the context of tidal hydrodynamics. The approach here employs the shallow water
wave equation in place of the primitive continuity equation.!! This was originally developed to
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overcome short-wavelength parasitic modes which appear in many primitive equation models;
fortuitously it also provides several important computational economies as well. The original
model, with modifications by Kinnmark and Gray,'?' !? has now been successfully tested against
field observations.'#~ !7 Tidal simulations of up to 190 (simulated) days have been performed on a
microcomputer.’® As a result of these studies, we are confident in our ability to simulate tidal
hydrodynamics on fixed finite elements.

The present paper incorporates both lines of development. Extension of the original work
toward estuarine length scales demands smaller elements and larger relative deformations, with
all interior elements deforming. We begin by deriving the shallow water wave equation in a
general deforming co-ordinate system, and produce a weak form which is compatible with simple
C° elements and which displays the natural conditions on the moving boundary. Utilizing elastic
mappings to manage interior node motion, we show comparisons with two analytic solutions
plus two simple illustrative estuarine problems.

The objective of simulating detailed estuarine circulation demands that increased attention be
paid to advective instabilities. We address these here by simply making the advective momentum
terms implicit. We recognize, however, that this is an interim solution to a fundamental problem
which needs a more comprehensive and cost-effective solution.

GOVERNING EQUATIONS AND DISCRETIZATION

The governing equations are the shallow water equations obtained by vertically averaging the
continuity and momentum equations for a homogenous hydrostatic fluid. In primitive form they
are:

continuity

0H/0t+V +Hv=0, (N

momentum
OHv/0t+V - (Hw)+gHV{+fx Hv+tHv=H'Y, 2)

where H(x, y, t) is the total fluid depth, {(x, y, t} is the elevation of the free surface above mean sea
level, hix, y) is the bathymetry (h=H —{), v(x, y, t) is the vertically averaged horizontal fluid
velocity, g is the acceleration due to gravity, f is the vector Coriolis parameter, t(x, y, t) is the
bottom friction parameter, ¥ accounts for momentum input at the surface (such as wind stress), x
is positive eastward, y is positive northward, t is time and V is the gradient operator. Consistent
with the ‘shallow’ scaling assumptions, we neglect horizontal shear stresses but include the effect
of vertical shear in the bottom stress term tHv.
We first introduce the total time derivative

d/dt=3/3t+v¢+V 3)

in order to express the equations in the co-ordinate system attached to an arbitrary motion v¢ #v:

continuity
dH/dt—v**VH+V Hv=0 4)
or equivalently

dH/dt+V - Hv—v9)+ HV - v¢ =0, (5)
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momentum
dHv/dt —v¢*VHv+ V- (Hv)+gHV{+fx Hv+tHv=HV. 6)
Substitution of (4) into (6) then yields the alternative form of the momentum equation:
dv/dt+(v—v) Vv+gV{+fxv+rv="P. @)

The shallow water wave equation is obtained by operating on the continuity equation (5) and
the momentum equation (6). Here we follow the derivations of Lynch and Gray!! and Kinnmark
and Gray,'* 13 focusing on the additional terms that arise due to the deformation of the grid. En
route we employ the two less common identities which are derived in the Appendix:

d d

EV=V5—VV 'V, (8a)
d d
$V =V a—Vv 1V, (8b)

where : denotes a scalar product between two tensors. Taking the total time derivative of the
continuity equation (5) yields

d’H dH(v—v°) dH dv®
V- — VY VH(Y— ¥+ —— Vv + HV-——— HVv:Vv* =0, 9
iz + ar Vve:VH(v—v%)+ T Vv¢+ HV T Vve:Vy 9)
which may be simplified to
d’H dH(v—v%) dH dve
. .yt . €. UyE . — Vv =0. 10
i +V i +dtV v+ HV T +ve Vv :VH—-Vv*:VHv=0 (10)

We now obtain the weak form of (5) by requiring its orthogonality to a set of weighting functions

of

<g§,¢i> —C(H(V =¥, Vo> +<{HV ¥, pp= ~§H(v-v°) -n¢,ds, (11)

where { ) denotes the inner product

{a, b>=H‘a'bdxdy. (12)

The line integral is evaluated along the boundary and n is the unit normal vector directefi
outwards. Note that we have purposely expressed the natural boundary condition H(v—v°}in this
integral. In a similar manner we obtain the weak form of (10):

d’H dH(v—v°) dH _ . v
(o)~ (v o (Groron)+ (90

4+ (VVVEVH, ¢,) — (VS VHY, > = — é; dH(v—v)

@ ‘ng;ds. (13)
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Next, a composite weak form is obtained by adding (11) times a numerical weighting parameter 1,
to (13):

d*H dH dH(v—v°) .
(5o )[4 o)

H dv*
+ <(ii_tV v ¢,~> + (1oHV v, > + <HV ' E‘p ¢i> +{v¢*Vv¢'VH, ¢;>

gfl (v—v°)
dt

—<{Vv*:VHv, ¢;> = —-§|: +10H(v—ve)]'nq§,-ds. (14)

The numerical weighting parameter t,, here constant in space, was originally introduced by
Kinnmark and Gray'® in order to render the implicit wave equation time-stepping matrix
stationary. In addition to this desirable property, we find that this modification stabilizes a low-
frequency drift which develops in long-term simulations with the original'! formulation.'® The
final weak form of the wave equation which we employ is obtained by introducing the momentum
equation (5) into the third term in (14):

dZH dH dv® dH |, dH_ |
<F’ ¢;> + <Toa’ ¢x> + <HE, V¢i> + <H;V ) V¢i> + <H;V v, ¢.>
+{[~v-VHv+V-Hw+gHV{+fx Hv+(t—1o)Hv+1,Hv* — H¥], Vo¢,>

€

d
+<{toHV *v¢, > + <HV . d—i, d)i> +<v° Vv VH, ¢,> —<(Vv¢:VHy, ¢,>

:_§[¥¥%19+%Hw—wqm¢ds (15)

The weak form of the momentum equation (7) is similarly obtained in a standard weighted
residual manner:;

dv
<EE’ 4>i> FLV=v) VY, 6> + gV, > +<ExV, > +(1v, > =Y, ¢,). (16)
Note that (15) and (16) involve only first derivatives and thus may be implemented on simple C°
finite elements.

In this study we solve equations (15) and (16) on a deforming finite element grid. With the
equations expressed in total time derivatives we are now free to let v° track the motion of the grid:

=3 4 ¢ (17)

Here x; is the location of node i, dx;/dt is the velocity of node i, N is the number of nodes and ¢; is
the finite element basis. Note that this formulation is a generalization of that presented by Lynch
and Gray'! and Kinnmark and Gray.!*' 1* This can most easily be seen by letting v¥(x, y, £) equal
zero everywhere and by letting 7, equal 7 in the cases where the latter is constant.

The Galerkin finite element procedure is used in discretizing the spatial domain. The inte-
gration is carried out on linear elements and the integrals are evaluated with quadrature points
coincident with the nodes (integral lumping). The variables used are approximated with a set of N
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finite element basis functions ¢, identical to the weighting functions:
N
Hx 3 Hg, (18)
=

and likewise for {, v, h and . As a result, from (17) we have especially simple time derivatives:

d*H ¥ d°H;
diZ JZI di2 é5 (19a)
il et 19b
dt ~j=1 dt 7 ( )
dv N dy;
L a (19¢)
dv® d?x;
ar - ,-Z a O (15d)

i.e. the terms involving time derivatives of ¢ are not invoked here since they are already embedded
in the equations.

A three-level finite difference scheme is used to discretize the wave equation in the time
domain.'' A second-order leapfrog approximation of the time derivative of H yields

dHJ-NHf“—Hf“l _AHJ-
dt T 2At T 2At°

(20a)

where AH=H*"! — H*™', the superscript k denotes the time level and At is the time step. In the
same way we can approximate the second time derivative of H using a centred finite difference
expression:
2 k+1 k k—1 k k-1
d*H; H;"'-2H;+H;"' AH; _HY _H}

20 5 .
a2 ~ At? At? 2Az’-+2 At?

(20b)

The element velocity v¢ can be expressed as the total time derivative of the node locations:

dx; xktt—xt-!
vi=—trt J (20c)

I de 208
where x; is the x, y co-ordinates of node j. Similarly we have for the element acceleration

2 k+1 k k—1
d%x; xj-2x5+x;

Iy 20d
de? At? (20d)

Furthermore, ¢ and its derivatives are evaluated using the grid at time level &:
oF = (x"). (20e)

The remaining terms are centred at time level k. The gravity term in (15) may be treated implicitly
while still centred in time by use of the time weighting parameter 6:

QAZ+Z"+0(Z"”1—Z"), (20f)

Z"zg(z"“+Z"'1)+(1—0)Z"=2

where 6 varies from 0 (completely explicit) to 1 (completely implicit).



1076 G. L. D. SIDEN AND D. R. LYNCH
Substitution of the approximations (17)«20) into (15) yields the matrix equation

[AT{AH} = {RW}, (21a)

where
At At At . 0
Al=<¢; " +7<10¢j’ b +7<VC¢,‘, V¢i>k+7<¢jv Y ¢i>k+§At2<gHV¢j, Vo *
(21b)
and
9 k

RW = — At2<gH"[VC" +OV(Ft-H —EV(h" g 1)], V¢i>

dv* * 2 | K
r’ Vo, ) —At*CtoHV v, ¢

+2{(H*—H*" 1Y), ¢ >*— At2<H 1

dv®
dt’
— A3 {[—v - VHV+V-Hw+fx Hv+ (1 —1o)Hv+ 1o Hv* — H¥], V¢, D*

_ At2§ [%}VL o H(v —ve)}k ‘ot ds. 210)

k
— At2<HV . ¢i> —At{ve Vv - VH, ¢ D% + At2 (Vv : VHy, ¢, D*

In the discretization of the momentum equation (16) a two-level scheme is adopted, utilizing
time levels k and k+ 1, which is centred at time level k + 1/2. The total time derivative of the fluid
velocity is approximated according to

dv; vETI—vh Ay,

bl PO RS Bt 22
> A M (222)
Furthermore, the element velocity is approximated by
k+1 k
€~ i - x"
Ve (22b)

and consequently ¢ and its derivatives, which change through time due to the grid deformation,
are evaluated using the grid at time level k+1/2:

PEr = x**172), (22¢)

where the notation k+ 1/2 corresponds to the average of the two levels k and k+ 1:

Zk+ 1/2=%(Zk+zk+1). (22d)

The remaining terms are linearized and centred at time level k+ 1/2. The problems of main
concern in this study are characterized by short length scales and potentially large fluid velocities.
This makes the treatment of the advective term in the momentum equation crucial for numerical
stability. An implicit treatment of the advective term has in this study proven to yield successful
results:

v"“/z'Vv"“/zz—%v"“°Vv"+%v'"Vv"+ 1‘ (226)

This scheme’® is linearly implicit while still second-order correct in time.
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By substituting the approximations (18), (19), (22) into (16), the momentum equation reduces to
the following matrix equation:

(Bl {ov}*={RM}*, (23a)

where
SV = Auy= b b, (23b)
vy =Av,=vk+ 1 ok, (23¢)

Here u; and v; are the x and y components of the fluid velocity v. Similarly we denote the
components of the grid velocity by u® and v° and the vertical component of the Coriolis vector f is
denoted by f. The momentum matrix takes the following form:

At Atf)u k+1/2
B’éi—lzj—1=<¢j,¢i(1 25 )>

A k+1/2 ) k+1/2
§<(u* g, > + <(v"~v°)%iy’f, ¢>i> : 23d)
p k+1)2
BZ: 12j= <¢j’ ¢z<l f)> b (236)
A k+1/2
B212] 1= 2 <¢ ¢1<%+.f>> ’ (23f)
A A a k k+1/2
212] <¢_]’¢ <1+_E +_2£—av—>>
o k+1/2 k+1/2
7’<(uk—u°)§j"c—’, ¢,-> + <(v" ) 5L "” y2 > , (23¢)
8 k k+1/2 k k+1/2 bl k+1/2
RM},;- ;= —At<(u*—ue) = ¢.»> —At<(v"—v°)%, ¢i> - At< x ¢.>
AL, GOF 12— ACail, R ALY B4, (23h)
a k k+1/2 a k k+1/2 a k+1/2
RMj; =~ At<(u" ~w)%, ¢i> —At<(v“ ~%, ¢.-> - At<g£, ¢i>
— ALCfuh, BRI A, M R AR, A, (230

BOUNDARY CONDITIONS AND NODE MOTION

On fixed boundaries we apply boundary conditions on H or v-n in the conventional way as
follows. Where H is known we sacrifice the wave equation in favour of exact specification of H ;.
Conditions on v+ n are enforced directly by sacrificing the normal component of the momentum
equation in favour of exact specification of v+ n; in addition, prescribed values of v-n are used to
evaluate the boundary integral in the wave equation. The local normal is computed to be paraliel
to fn¢ds.M!

On the moving boundary we have both H=0 and (v—v): n=0. We satisfy H=0 exactly and
sacrifice the wave equation there. The momentum equation is utilized to compute both compo-
nents of v, following which we set (v—v°)-n=0 and v*-t=0.
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On the interior v¢ may be selected arbitrarily, consistent with good discretization practice and
its known boundary values. In this work interior node positions are determined as the deform-
ation response of an elastic medium in plane stress® with known boundary deformations. This
permits the mesh topology to remain constant during the simulation, with the node locations
varying but not their interconnections.

A single time step, from levels £* = and ¢* to level £ *, is achieved without iteration as follows.
First, boundary values of v° at level k are computed and then interior values are computed from
the elastic relations. This allows projection of the mesh positions:

it =xbT L 2AS, 24

With v¢ known we solve (21) for H** !, Then with gV¢**! known we solve (23) for v***. Since (23)
is centred at t**1/2 we utilize v¢=(x*** —x*)/At in this final calculation (Figure 1).

COMPARISON WITH ANALYTICAL SOLUTIONS

Numerical solutions of two one-dimensional moving boundary problems are compared with
their corresponding analytical solutions. Both cases consider waves that propagate in a friction-
less fluid (t=0) toward a beach with a uniform slope a (Figure 2). It is convenient to express the

begin time step loop, & =1...mazt
update time, t* = t*°! 4 At

calculate nodal bottom friction, 5

calculate normal directions at moving boundary, n:’

calculate new boundary location, x!*!.n} = x¥~!' 4 2A¢(v¥ . n¥)
apply known values of x| *'
compute x**! for interior nodes
calculate v§, dv/dt and hf“
begin element loop for wave equation
assemble stiffness matrix of the wave equation, {4}
assemble wave equation right hand side, {RW}*
end element loop
apply boundary conditions on fluid depth

solve the wave equation

k1 &
-X

x
update element velocity: v5 = —JTJ-

begin element loop for momentum equation
assemble momentum stiffness matrix. |B*
assemble momentum right hand side, { RM}*

end element loop for momentum equatjon

apply velocity houndary conditions

solve the momentum equation to get velocities

write results

upate arravs in time. Z:" =Z; and Z}-= ZI“'

end time step loop

Figure 1. Flow chart of algorithm. maxt is the maximum number of time steps, k indicates the current time level and jis a
node index
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Figure 2. Definition sketch. The fluid has a boundary of uniform slope « and a free surface at height { above its
undisturbed level

analytical solutions using the following dimensionless quantities: z={/aL, u= u/\/ (gal), x=x/L,
t=tag/L, ¢*=z—x, A=2(u+t) and g=4c. In these definitions the characteristic length L is
specified for each problem.

First we consider an initial value problem in which the water level at the coastline is initially
depressed. The fluid is held motionless and then released. The initial wave shape is given in
parametric form in terms of the dimensionless sea surface elevation z and the dimensionless
spatial co-ordinate x:

5 a® 3 as
Z=8<1 _5(02 +O.2)3/2 +§(a2+0_2)5/2>, (253)
0'2 5 a3 3 05
X= —R-FE(I —5(024'0'2)3/2 +§(a2+02)5/2>. (25b)

Here L corresponds to the initial length of the fluid domain and a=1-5(1 + 0-9¢)'/2, These waves
have maximum heights equal to ¢ and have heights equal to 0-9¢ at x= —1. Furthermore, the
slope of the sea surface at the shoreline is initially zero for such waves. The analytical solution is
given by?°

u’ a’c? 5/4—il 3 (1—id?
T ”Re(l BT R T ) S
t=}ai-u, (26b)
z=x+a’q?/16, (26¢)

8¢ 1 3 1—il
e Im<[(1 —iP 4027 A[(1-iA+ Jz]s/z) (26d)

The motion of the shoreline is obtained from the same equations by setting 6 =0. In applying the
numerical solution technique, the domain is discretized on a grid which is initially 500 km and
consists of 50 nodes. On the boundary located in deep water the fluid depth is specified according
to the analytical solution and the other boundary is moving. The values of L and ¢ are 4166 km
and 0-1 respectively. The simulation is carried out to 28-:0 h using a time step of 0-1 h and the value
of 14 used is 107> The numerical solution shows good agreement with the analytical solution
(Figure 3).

The next example considers the fluid motion induced by periodic forcing, such as by tides. The
elevation of the free sea surface is prescribed at the fixed boundary:

z=¢ecos(2nt/T). 27
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[

sea surface elevation (meters)
-

Q

spatial coordinate (meters)

Figure 3. Time history of sea surface elevation for the initial value problem. The numerical solution (points) is compared
with the analytical solution (solid curves). Time is given in hours

Here the scaled amplitude ¢ is related to the dimensional amplitude a by e=a/aL. The scaled
period T is related to the dimensional period 7 by T= T\/ (ger/Ly and L is the total length of the
undisturbed fluid domain. The analytical solution is presented by Carrier and Greenspan?® and

expressed in a simpler form by Johns:2!*
z=—3u?+AJyno/T)cos(nl/T), (282)
_ AJyma/Ty . (mA
u= =" sin( ), (28b)

where J; and J, denote Bessel functions of the first kind. The amplitude factor A is obtained by
linearizing the governing equations on the fixed boundary:

A=¢/J(4n/T). (29)
The displacement of the shoreline, ¢, is obtained from (28a) by setting 6=0:
E=—4u2+Acos(mA/T). (30

Specifically, we consider a wave which is forced with an amplitude of 0:1 m and a period of
12-4 h on the fixed boundary. The length of the undisturbed fluid domain is 100 km and it is

* In the work presented by Johns®' a factor of four appears in front of the amplitude factor A in (28b). We find, however,
that in order to satisfy the kinematic boundary condition on the moving boundary we need to discard this factor and
apply the equations as presented in (28a) and (28b).
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discretized on a grid consisting of 20 nodes. Here the numerical simulation is carried out for six
forcing cycles using 124 time steps per cycle. The value of 7, is 1073, The solution is compared

with the analytical

solution at different points in time, with good agreement (Figure 4).

While the governing equations have approximately linear response when the fluid depth is
large, we note that the solution close to the moving boundary is essentially non-linear in
character. As the offshore tide propagates towards the shore, it becomes increasingly distorted

fluid velocity (meters/second)

sea surface elevation (meters)

9.3
] a
9.2
a1
9.0
—a.1 4
]
-9.2
] t= 0.l
]
I 7 T T ]
2.9 @.2 9. Q.6 e.8 1.9 1.2
x10°®
spatial coordinate {meters)
=3.2
b. !

9.50

H
spatial coordinate (meters)

x1@

Figure 4. Time history of (a) sea surface elevation and (b) fluid velocities for the periodic problem. The numerical solution
(points) is compared with the analytical solution (solid curves). Time is given in hours
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due to increased influence of higher harmonics. This non-linear character of the governing
equations puts high demands on the numerical solution technique, considering both stability and
accuracy, under these limits. In Figures 5(a)-{d) the accuracy of the numerical solution is
demonstrated for several constituents, and in Figure 6 the frequency spectrum of the numerical
solution is compared with the analytical solution at a fixed point in the vicinity of the moving
shoreline. The Fourier amplitude for the jth frequency, A(j, x), is computed by the fast Fourier
transform of the time series data for the first six periods of the simulation:

A(j, 9= Nil 2k, x) eiznjk/N!’ (31)
k=0

where k denotes the time level, 1 is the imaginary unit \/ {(—1)and N is the number of time levels.
The numerical solution compares well with the analytical solution for each constituent. However,
it also contains additional small-amplitude noise.

In addition, it should be mentioned that long-term stable numerical results have been obtained
in the frictionless case. Experimentally we have found an unstable behaviour of the numerical
solution for the periodic problem using 1,=0. Slowly growing wiggles in the solution eventually

et 0 C
8 v2s 1 @ 2
— u&m&;—————‘ﬁ-
b —
b 4 Q. 1 —
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T p @ 1
0. 025 - 8 4
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= ] g ]
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hid 3 . 0.
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~a. 100 & -2
1 ]
-0.12% —r——T T ——7 T et - 1 —r
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Figgre 5. Four Fourie'r components of the decomposed sea surface elevation are shown as a function of the spatial co-
ordinate. Re{A(j, x)}_, is shown for the steady-state component (a), fundamental frequency (b), first harmenic (c) and
second harmonic (d). The numerical solution (points) is compared with the analytical solution {solid curves)
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&7 0= STEADY STATE,
} | = FUNDAMENTAL FREQUENCY,
0. 201 2 = FIRST HARMONIC,
] 3= SECOND HARMONIC,
] 4 = THIRD HARMONIC.
- 8. 15—<
% =] XB—:
]
B.BS:
eAea—WJ - J L
a 1 2 3 4

frequency components

Figure 6. Comparison of the numerical solution versus the analytical solution in the frequency domain. |A(j, x,)} is shown
for j=0 to 28 for the numerical solution (white bars) and compared with the analytical solution (shaded bars) at a fixed
point x, in the vicinity of the shoreline

18—
4 *4
1 .
— 3 3 -4
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] " o
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10 T T T3 TT17 T T U TTITTT T T T 1T T T 1T rrrrr H T T
1o ! 1 1@ 10° 183 18*

Number of simulated M, periods

Figure 7. Experimental results in the frictionless periodic case showing the influence of Fr and 7, on the stability.
The time until negative fluid depth is encountered in the solution is shown as a function of Fr for 7,=10"%s"!
(+ signs), 1o=10"55"1 (*x " signs), 1,= 1075 57! (squares) and 7,=0s""' (points)

render negative fluid depth, which is chosen to be the criterion for terminating the program. We
have found the termination time being related to the Froude number:

Fr=vl/\/(gH). (32)
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The maximum Fr is reported in each case, computed by using the average of H and |v| on each
element. By using 7, >0 we can obtain long-term stable numerical resuits (Figure 7). However, it
is to be noted that by severely increasing 7, (1, > w, where w is the fundamental frequency) the
wave equation reduces to the primitive continuity equation, at which point we expect to
encounter problems which have been discussed earlier.'*

NUMERICAL TEST CASES

Two test cases with relatively large boundary excursions are presented. The geometries are
idealized while still representing problems of physical significance. The forcing is periodic,
corresponding to the M, tide, which has a period of 12-4 h. The Coriolis and wind stress effects
are neglected. Further, the value of the bottom friction parameter 7 is assumed constant and equal
to 1, (107*s~1). The simulation time corresponds to six M, periods using 124 time steps per
period.

In the first example a rectangular domain with uniformly sloping bathymetry is considered.
The basin has dimensions 10 km by 10 km and a maximum bathymetry of 1 m at the forcing
boundary (Figure 8). The grid consists of 49 nodes and 72 elements. The tidal amplitude at the

Figure 8. Definition sketch of rectangular basin. The tidal flow in a rectangular domain is studied. The forcing boundary

is located at x =0, on which a sinusoidally varying sea surface elevation is prescribed. The dashed line shows the location

of the moving boundary at rest. There is no flux of water across the boundaries shown as thick shaded bands. Lengths are
given in metres
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forcing boundary is 0-3 m, producing a maximum boundary deformation of approximately 50%
of the domain (Figure 9). The wavelength of the fundamental frequency is considerably larger
than the fluid domain, which results in a relatively uniform flow field (Figure 10). In Figure 11 the
boundary location is shown as a function of time.

In the second case an L-shaped basin is studied which has a length of 30 km and a width of
50 km. The bathymetry has a maximum of 1-0 m and a uniform slope (Figure 12). Here the tidal
amplitude at the forcing boundary is 0-1 m, creating a boundary motion with an approximate
range of 6Ax, where Ax is the mesh spacing (Figure 13). The grid consists of 923 nodes and 1708
elements. In Figure 14 the boundary location is shown at different points in time. In Figures 15
and 16 the solutions for v and H are shown at t = 56-0 h. The tidal distortion is shown in Figure 17
in terms of time series plots of the boundary location for several points along the boundary.
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Figure 9. Maximum deformation of the rectangular mesh. The grid for the rectangular domain is shown at (a) t=586h
and (b) t=656h
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Figure 10. Vector plot of fluid velocities in the rectangular case. The nodal values of the fluid velocitiy are shown at
=623h
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Figure 11. Time series plot of boundary location for rectangular case. The motion in the x-direction is shown for the
boundary node located halfway between the fixed boundaries
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Figure 12. Definition sketch for the L-shaped domain. The tidal flow in an L-shaped domain is studied. The forcing

boundary is located at y =0, on which a sinusoidally varying sea surface elevation is prescribed. The dashed line shows the

location of the moving boundary at rest. There is no flux of water across the boundaries shown as thick shaded bands.
Lengths are given in metres



1088 G. L. D. SIDEN AND D. R. LYNCH

Y a
A ] ¢ o
) 4
r G "
3
:
X X 5
N i
NN
[}
a
i
¢ , X
-S. 9000€+23 2. SO00E+04
G ]
0 E .
¢
N B
. -
g <
-] b
S
- 1
T8
3] K
"
; =¥
d X
-5. DOE +93 2. SPOPE +34

Figure 13. Maximum deformation of the grid in the L-shaped case. The mesh for the L-shaped domain is shown at
(a) t=570h and (b) t=630h
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Figure 14. Time history of boundary location in the L-shaped case. The location of the boundary is shown at different
points in time (hours)
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Figure 15. Vector plot of fluid velocities in the L-shaped case. The nodal values of the fluid velocity are shown at
t=560h
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Figure 16. Sea surface elevation in the L-shaped case. Free surface elevation contours (centimetres) are shown at
t=560h
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Figure 17. Time series plot of boundary location for the L-shaped case. The motion of the boundary in the y-direction is
shown at several points along the boundary. Labels correspond to locations defined in Figures 13(a) and (b)

DISCUSSION
The weak form of the shallow water wave equation proposed here has several desirable features:

(a) For fixed boundary problems (v°=0) it reduces to the form presently being used, whose
properties are reasonably well understood.

(b) Since only first derivatives in space are involved, it may be implemented on the simplest
finite elements.
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(¢} The natural conditions on the moving boundary are invoked.

Implementation on linear triangles with a conventional three-level, semi-implicit time-stepping
algorithm shows satisfying results. The retention of a lossless analytic solution over several tidal
periods is especially noteworthy.

Two numerical strategies have been used without attempting to maximize their cost-effective-
ness: the interior gridding and the treatment of the advective terms. These features together
dominate the run time—some of the 2D cases require tens of hours of CPU time on a
VaxStation 1I. Our experience has shown that the elastic gridding is generally very robust among
mapping strategies; at the same time it is the most expensive, since all boundary dispiacements
contribute directly to all interior node displacements, and x- and y-displacements are intimately
coupled. In these applications simpler methods may well prove to be entirely adequate. Trans-
finite mappings are a particularly attractive candidate.?? Relative to the advective terms, we look
forward to future advances and expect that algorithmic improvements in the fixed mesh reduction
of this problem will be applicable as well in the more general context of moving boundary
problems.
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APPENDIX
Proof
d dA
—VA=V——-Vv-V4 33
dtV \% i Vve-V4, (33)
where A is a scalar quantity. The left-hand side is equal to
d 6Aﬁ+aAA
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oldal, alda ous 6A+61f 0A 2 6ue§£+6i°6_A]A
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which is equal to the right-hand side. Above, & and § are unit vectors in the x- and y-directions.

Proof

d dB
—V-B=V:——Vv:VB
5V B=V g —Vv:iVB,

(34)

where B is a vector quantity with x- and y-components B, and B,. The left-hand side is equal to

d| éB, 0B,
— +__
de| ox  dy
—a an_*-% +uei _a&_*_% +v°,é_ an"_*,%[
“ot| ox Oy dx| ox 0Oy dy| dx dy
_ 0| o8B, +i 9B, e asz+ue asz+ve 62Bx+ue 0*B,
“ox| o |[Toy| ar oxZ axdy ' oxdy ay?
_ 0| dB, +6 dB, d u‘aB"+v°?~1§ 0 ue%ﬂf%
Tox| dr |Toy| dr | ox| T ax ay | oyl © ox dy
oy OBe, OB, OB, OB,
Y ox? Oxdy oxdy oy?
_014dB.) 0] dB,| Ou0B, 0v°0B, 0u"0B, 0v 0B,
Tox| dt dy] dt 0x 0x ©0x dy dy 0x 0Oy dy
dB ..
=V dt-——Vv :VB,
which is equal to the right-hand side.
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